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Abstract. In this article, a new solution to the elasticity boundary-value problem for a dilatational cylindrical
inclusion embedded in an elastically isotropic half-space is presented. To solve this problem, the results for
the infinitesimally thin dilatational disk in an elastically isotropic half-space, are explored. For displace-
ments, strains, and stresses of a dilatational cylindrical inclusion, the analytical expressions are obtained
with Lipschitz-Hankel integrals. The comparison of the found solution with previously known one, is given.

1. INTRODUCTION

Inclusions along with dislocations in an elastic me-
dium have been studied since the 1950s by
Eshelby [1], Mura [2], Teodosiu [3], and other authors.
Based on those basic results, there have been many
studies on elastic fields of inclusions in the elastic me-
dia with special attention to the phase boundaries and
interfaces [4,5].

The stressors, e.g., inclusions, which are located
in an elastic medium, act as the source of the elastic
field inside the solid, and thus affect the physical and
mechanical properties of the material. First, the
stored elastic energy associated with stressors can be
released giving rise to the formation of various de-
fects [6-9], such as dislocations, cracks, etc. Second,
stressors induce elastic distortions changing intera-
tomic distances from their equilibrium values and
thus changing material properties [10,11]. The influ-
ence of the elastic field inside the material that affects
the physical and mechanical properties of the materi-
als have been shown in Ref. [12]. Theoretical and ex-
perimental studies on the influence of the elastic field
of the stressor on the mechanical properties and

electronic structure of semiconductors have been
studied in Refs. [12,13].

In this study, we focus on the stressor with circu-
lar symmetry — a finite dilatational cylindrical inclu-
sion (DCI), which is placed near the free surface in
an isotropic elastic half-space and with the symmetry
axis normal to the free surface.

In Section 2 we provide background knowledge
about the elastic properties of the infinitesimally thin
dilatational disk (ITDD) in an elastic half-space [10].
In Section 3 we formulate the statement of the elastic
problem of a cylindrical inclusion placed near a free
surface in an elastically isotropic half-space. In Sec-
tion 4 we find the expression for the elastic field of the
cylindrical inclusion. In Sections 5 and 6 we will dis-
cuss and conclude the results found.

2. BACKGROUND

2.1. Dilatational cylindrical inclusion

Consider DCI subjected to a dilatational eigenstrain
which has the following form:
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e, =¢8(Q),withi=x,y,zorr, ¢,z )

where € is the magnitude of the eigenstrain compo-

I, ReQ

nents, 5(9) = {0’ is Dirac delta-function, Q is

>

the three-dimensional (3D) region occupied by the DCI,
and r, @, z are cylindrical coordinates (see Fig. 1)

By definition, any inclusion is a 3D defect. There-
fore, it can be assembled from defects of lower dimen-
sion — infinitesimally thin dilatational disks (ITDDs).
The eigenstrain of the dilatational disk can be written

as[11]
oD ¢ bH(l——jS(z—zO), 2

c
where b is a dimensional factor characterizing the local

,L{>0 ..
is Heaviside
0,8<

step-function, 8(z) is Dirac delta-function and no Ein-

magnitude of dilatation, H({) = {

stein summation rule is used.

Distributing the disks along their symmetry axis
with a constant density p, we form the DCI with ei-
genstrain (1):

Zy
DCI * J’ ITDD

r ,0,2,2, )pdzo

_ Ipr(l—EjS(z—ZO)dZO ~ bp5 () =£°5(2), 3)

where it is assumed that &” = bp. Here, we accept that
distribution density p of the disks along the z-axis is
constant. In general, p may depend on z, (position of
ITDD).

It follows from the above that by integrating the
field of total displacements of the disks """ (in the
elastic half-space), we obtain the total displacements
of DCI "“'u/*:

z

DClulps _ J‘ ITDD hs (r 0.z, Zo)deO “)

2

Eq. (4) allows to calculate the displacements for finite
cylindrical, spherical inclusions, and truncated cone in
the elastic space.

2.2. Infinitesimally thin dilatational disk
in the elastic half-space

Displacements of ITDD in the elastic half-space were
found in Ref. [10] in a cylindrical coordinate system
(r,(p,z), 0<r<m,0<@<2m, —0 <z <+,

ITDD, hs _ 1+v)b

T [J“>(110) J?(1,1;0)

+sgn(z) [M JOMLD-4(1-v)JV (1 O)H ,  (52)
c

ITDDM‘};S _ 0, (Sb)
R Tl d+vb sgn(z —z,)J" (1,0;0) —sgn(z + z,)
2(1-v)

2
xJ?(1,0;0) +MJ(3’ 1,0;1)=2(2v-1)J(1,0; 0)} . (5¢0)
C

Here: J (m, n; p) are the Lipschitz-Hankel integrals:
o R P\ e?
JO (m, n; p)_j0 J (), (xD)c"e ™ dx,
c

where J, and J, are Bessel functions of the first kind,
=1, 2, 3, cis radius of ITDD, and:

|z— ZO| |Z+ZO\ |z|+|z|

&=

6 =

& =

3. STATEMENT OF THE PROBLEM
AND THE METHOD OF SOLUTION

As shown in Fig. 1, a DCI of radius ¢ and height 4 is
placed at a distance d (to the center of the cylinder)
from the free surface in the elastically isotropic half-
space. As it was mentioned in Section 2.1, the DCI can
be thought to be composed of coaxial ITDDs distrib-
uted with the density p along the z-axis; see Fig. 1. The
total displacements of the DCI in the half-space are
equal to the sum of the displacements of the ITDDs in
the elastic half-space. We distribute ITDDs along the
z-axis uniformly from z, to z, and find total displace-
ments of the DCI, as follows:

DCI,  hs ITDD 1
Cugzj. w” (r,9,z,2, ) pdz,

Bl

VB g v s 1
ST j{/ 1,1,0)-J?(1,1;0)

+sgn(z) (M JOLD-40-v)JP A1 O)H dz,, (6a)
c

DCIuhs — O, (6b)

¢

2
DCI hs ITDD hs
u® = [ PPyl (

r.9,2,2, ) pdz,
(1 + v)bp
21—

j [sen(z —z,)J " (1,0;0) —sgn(z + z,)J ¥ (1,0:0)
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Fig. 1. Cylinder in elastically isotropic half-space.

2
+ g JV(1,0;1)-22v-1)7 % (1,0;0) ] dz,, (6¢)

C

where z, =—(d+g} z, =_(d_§}

The DCI is perfectly aligned with the surrounding
matrix. The free surface is flat, smooth, and stress-free.
The elasticity of the material is linear and, thus, obeys
Hooke's law [12].

xnyaza
v .
GU.:ZG(SU+ _ZVASU),Z,],kz or , (7)
r,(p,Z,

where G is shear modulus and v is Poisson’s ratio, 3,
Li=j L

7, and Einstein summa-
0,i#j

tion rule is applied. By solving the Egs. (6), we obtain

the displacements "'

is Kronecker delta 6 i = {

of the DCI in an elastic iso-

tropic half-space. From that result, we can determine

DCI _hs DCI __hs
€

the strains p; and stresses o, of DCI in half-

space.

4. ELASTICITY OF DILATATIONAL
CYLINDRICAL INCLUSIONS IN AN
ELASTICALLY ISOTROPIC HALF-
SPACE

4.1. Displacements of cylindrical inclusion
in the half-space

First, we calculate the integrals IZJ (1)(m,n;}7)dzo
21

(with /=1, 2, 3), see Appendix A, and then substitute
them into Egs. (6) to get the total displacements inside
and outside the DCI (denoted by indices “in” and

113

out”, respectively), in terms of the Lipschitz-Hankel
integrals.

4.1.1. Inside the cylinder (z,<z<z,and r<c)

DCI,inufs — (1+V)CS* [K_JW(1’1;_1)_J(5)(1,1;_1)
2(1-v) Le
+(4v=3)(J (L1;-1) =7 (11;-1))
_2_Z ©(1.1:0) =T (1.1: :|
~(/(1:0)-I 7 (110)) | (82)
DCI, inugs — 0, (8b)
DCL in, hs (1+V)CS* ) . ) .
=—"——-|-J"(1,0;-1)+J"(1,0;-1
L L1051+ (1051

2z
Z(J9(1,0,0)=J7(1,0;0
<22 (9 (1,0:0) - (1,0:0)

+4v=3)(7 (1,0;=1)= 7 (1,0;-1)) |- (8¢)

4.1.2. Outside the cylinder (z < z,, or z > z,, or
z,<z<z, andr>c)

For z< z;:
DCl,outuhs — (1+V)C8* J(4) (1 1,_1)_J(5)(1 1_1)
T 2(1-v) 7 ”
+(4v=3)(J (LL-1)-J 7 (L1;-1))
2z
-=(J9(1,1;0)-J7 (1,1;0)) |, 9
2 (001007 1r0) | on
DCLout s _ (1+v)ce’ [—JW (1 O'—1)+J(5) (1 0,_1)
z 2(1—\/) s Vs s Vs

2z
= (J9(1,0;0)-J7(1,0;0
29 (1,0:0) -7 (1,0:0))

+(4v=3)(J (1,0;=1)=J 7 (1,0;-1)) ] (9b)

For z> z,:
DCLout, b5 _ (1+v)ee’ —JO (LL-1)+J9 (1L1;-1)
r 2(1_\/) 2 b
(=3I (L) = (1)
—E(J‘“ (1,1,0)-J7 (1, 1;0))}, (9¢)
c
DCLout, hs (1+V)CS* [_ J® (1 O._1)+J(5) (1 0_1)
S 2(1-v) o o
2z
=(J°(1,0,0)-J7(1,0;0
29 (,0:0)-07 (1.0:0))

+(4v=3)(9(1,0;-1) =P (1,0;-1)) |. (9d)
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Fig. 2. Displacement maps of a cylindrical inclusion in an elastic half-space. Displacements are given in units
(1+v)e" /[2(1-V)], and the coordinates are normalized to the cylinder radius c. Parameters used for plots: the
cylinder center coordinate is z, = —d = —3c, the height of the cylinder is 4 = 3¢, and Poisson ratio is v = 0.234.

Forz, <z<z,and r > ¢:

octe _ (LEV)eE [E—J““ (LL-1)-J9 (1L1;-1)

g 2(1-v) |Lr
+(4v=3)(7 (L1:-1)-J 7 (L1;-1))
22050 (11:0V = D (L1:
: (/9 (11:0)- (1,1,0))}. (9¢)

petou i _ (LFVICE T (1.0
=———[-J9(10;-1)+J (1,0;-1
ST [~ 00D+/(10,-)
42 (9 (1,0,0) -7 (1,0;0))
C

+(4v=3)(S (1,0;-1) =7 (1,0;-1)) | 9

For (z<z, orz>z,,0rz;<z<z,andr>c):

DCI, outuhs — 0 (9g)

¢

Here J (m,n;p)= I: J,(<)J, (xDyre ™ dx, with
c
[=4,5,6,7, and:

P e e T N T
- s - 5 - 5 - >

& & & &

z, =—(d+§j, z, =—(d—%).

The contour plots for the », and u_ components of
the displacements are shown in Fig. 2. The Fig. 2
shows the influence of the free surface on displace-
ments of DCI in half-space compared to the infinite
space case [13].

4.2. Strains of cylindrical inclusion in the
half-space

Elastic strains are determined from total displacements
(8,9) as follows [2]:

aDCI, in_  hs
P r__g", inside DCI,
DCI _hs __ v
8" - aDCI, out_ hs (103)
_— outside DCI,
or
a DCLin, hs
a—’ —¢', inside DCI,
DCI hs __ r
Eop = 5 DCLout s (IOb)
_r outside DCI,
or
aDCI, in_ hs
a—z— ¢", inside DCI,
DCI _hs _ z
z aDCI, outuhs (10C)
_— outside DCI,
Oz
a DCLin_ hs a DCLin_ hs ) )
l Uy + Y. , inside DCI,
—_ 2 0z or
E =
rz 1( o DCI, out hs P DCI, out_hs )
— “y + 2 |, outside DCI,
2 oz or
(10d)

Detailed expressions (10) of the strains are listed in
Appendix B.

The elastic dilatation (trace of strain tensor) of the
DCI is found with the help of Egs. (8-10):
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kgl tn gl Dl | DChinge
- Z(ZIV__VI)S* ¥ 2(11+_Vv)8* (2v-1)(J (1,0;0) -7 (1,0;0)),
(11a)
Xkl _ DChon sy ki 0o
=@(2v—l)[ﬂ®(1,0;0)—]“(1,0;0)}. (11b)

From Egs. (11) we see that both inside and outside
the cylinder, the dilatation is non-zero, and the first
term in Eq. (11a) is the elastic dilatation of the DCI in
infinite space; see Ref. [13]. The second term is related
to the boundary condition induced by the half-space
surface [2].

4.3. Stresses of dilatational cylindrical in-
clusion in the half-space

Stresses inside and outside of DCI are determined from
Hooke's law (7) with the help of Egs. (10) and (11) as
follows [12]:

4.3.1. Inside the cylinder (z, < z < z, and
r<c)

I

DCI’i“G]?S — G(1+V)8 |:£J(4)(1,1;—1)4-1](5)(1,1;—1)
I-v |7 r
—J 9 (1,0:0) -7 (1,0;0)-3(J“ (1,0;0) - S (1,0;0))
-1)-J7 (1,1-1))
2

+ 2279 (1L1,0) -7 (1,1;0))

r

—E(J“’) (1,0;1)=J? (1,0;1))—1}

c

_§(4v-3)(J<6>(

(12a)

(1+v)e"
I-v

DCLin _hs __
90 G

[_%(Jm(1’1;_1)+J(5’(1,1;—1))
_2_:(J(6) (1,1,0)-J (1,1;0))
+§(4v_3)(J(6)( ) J<7)( l))

~4v(J (1,0;0)-J 7 (1,0;0)) 1], (12b)

(1+v)e
1-v

2z
= (J9(1,0;1)-J7 (1,01
FZ(0(10:1) - (L0:1))

~J @ (1,0,0)+J7 (1,0;0) -

DCLin _hs __
zz G

[/ (1,0,0)+. (1,0;0)

2], (12¢)

(1+v)e

1-v

DCLin _hs __ G

rz

[J“”(l 1,0)-J(1,1,0)

-J9(1,1;0)+J7(1,1;0) 2z
c

(7O (LL1)-J (1,1;1))}.
(12d)

4.3.2. Outside the cylinder (z < z,, or z > z,,
orz,<z<zyandr>c)

For z > z,:

DcLautG;\: _ Gw{_g(.](“) (1,1;—1)—J(5) (1,1;—1))
r

l-v
+J(1,0;0) - (1,0;0)=3(J (1,0;0) - J 7 (1,0;0))

~(4v=-3)(JO (LL-1)-J 7 (LL-1))
r

2z
Z(J9(L50)=J7(1,1;0
+ - ( (? ) ) (7 > ))

—E(J“) (L,0;1)-J (1,0;1))},

C

(13a)

G(1+v)8*

1-v

DCLout _hs __
Ly

[E(J(‘”(l,l;—l) ~J9(LL-1))
r

< {av=3)(10 (L11) -7 (L)
2rz (J(G) (1,1;0)— J(”(Ll;o))

~4v(J©(1,0;0) -7 (1,0;0)) ], (13b)

(1+v

DCI, out __hs
Yor =G

2z

[-7%(1,0;0)+.7 (1,0;0)

2Z(J“>(1 0;1)- J”)(I,O;l))
C

(9 (1,0;0)= 7 (1,0;0)) | (13c)

Forz>z,:

peout 1 — G(11+_V38 [;(J(‘” (L1-1)-J (1,1;-1))

=79 (1,0;0)+J% (1,0;0)=3(J (1,0;0) =7 (1,0;0))

—(4v-3)= (J<6>(11 ~1)-J7 (L1:-1))

2z
Z(J9(L50)-J7(1,1;0
+ r ( ( thet] ) ( sty ))
—5(./“’)(1,0;1)—J”>(1,0;1))},
C

(13d)



Elastic field of a dilatational cylindrical inclusion in an elastically isotropic half-space 39

out _hs (1+v)e'[ ¢ 2250 (1 1. M (11

peevt g =GT _;(J(“)(1’1;_1)_J(5)(1,1;_1)) +T(J (1L,1,0)-J" (1,1,0))
2z

+5(4v=3) (VO (LL-1)-J D (1,1;-1)) _T(J(ﬁ) (1,0;1)=J (1,0;1))} (13g)

r

2 *
_TZ(J(6)(1,1;0)—J(7)(1,1;0)) octon g :G(1+v)8 [é

I-v |r

—4v(J©(1,0;0)-J 7 (1,0;0)) ], (13¢)

—E(J(‘” (1,5;-1)+<J® (1,1;—1))

DCI, out _hs — G(1+V)8* " '

JY(1,0,0)-J (1,0;0
G, 1—v [ ( s Uy ) ( s Vs ) +£(4V_3)(J(6) (1,1;—1)—J(7)(1,1;—1))
2z r
+7(J<6> (LOs1)=J7 (1, 0;1)) _2_Z(J<6) (L1;,0)—J (1,1;0))
r
—(J®(1,0;0)-J" (1,0;0)) |. 13
( ( ) ( )):| (13 _4V(J(6) (1’ 0;0)—J(7) (1, 0;0)):|’ (13h)
Forz <z<z.:
1 21 . 5 DCLout s _ G(l"‘V)s* [J(4) (1 O'O)+J(5)(1 0.0)
e el ;V)S [—C—Z—J“’(1,0;0)—J<5)(1,o;o) “ 1-v " o
-V r

2_Z (6) 1Y 7D .

C(T®(11: ) (11 +C(J (LOo;1)-J (1,0,1))

+=(JD (LL=1)+ 7% (1L1;-1))

r ~(7(1.0:0) =77 (1,0:0)) ] (13i)

_(4V—3)£(J(6)(1’1;_1)_J(7) (1’1;_1))
r

Forz<z,orz>z,,orz <z<z,and r>c:
-3(/(1,0;0)-J7 (1,0:0))

Fig. 3. Stress maps for a cylindrical dilatational inclusion in a half-space. The stresses are given in units of
G(1+v)e" /(1-v), and the coordinates are normalized to the cylinder radius c. Parameters used for plots: the
cylinder center coordinate is z, = —d = —3c the height of the cylinder is # = 3¢, and Poisson ratio is v = 0.234.
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(1+v)e
I-v
-J9(1,1,0)+J7 (1,1;0)
2z

T(J“’) (L11) =7 (1L11))]. (13)

DCLout _hs __
rz T G

[J/9,1,00-7%(1,1;0)

Figure 3 shows stress maps of DCI in its longitudi-
nal section. It also shows that the boundary stress con-

tinuity for the DCI is satisfied: °”'c™ is continuous at

the lateral surface, ™6™ is continuous at the end sur-

zz

faces, and "“'c" is continuous at all DCI boundaries.
These results are similar to those in the work of Kole-
snikova et al. [13]. Components "™ and *“'
equal to zero at the free surface, satisfying the condi-

tion of the load-free surface [14].

hs
G, arc

4.4. Hydrostatic stress in the elastic space

The hydrostatic stress inside and outside the cylinder
is determined by the following formula:

1+v
2(5 — DCI G:,‘: + DCIGhS + DCI _hs — 2G DCIA.
o = 1-2v

4.4.1. Inside the cylinder (z, < z < z, and

r<c)
2 DCI, in Ghs — DCI, in Gl:: DCI, in 1(41):) DCI, in GIZ]:
ooty 2(2v-1)e
1-2v I-v
2(1 '
+(+—V)8(2v—1)(J“’>(1,0;0)—J<7>(1,0;0)) (14a)

(1-v)

4.4.2. Outside the cylinder (z < z,, or z > z,,
orz,<z<zyandr>c)

ZDCI, out Ghs — DCI, outcl:rs + DCI, out ::P + DCIL out Ezs
(1+v)2 £ .
= 4G1—[J (1,0;0)-J7 (1,0;0) ] (14b)
—v

4.5. The strain energy of the DCI

The strain energy of the DCI can be found by the gen-
eral Mura’s formula [2]

1 DCLin _hs *
E:—E j e dV

( DCIV)

1 et . ,
CLin _hs * DCLin _hs _* DCLin _hs *
=3 ooe, + Cpo€pp T G.€_ )dV

(DCIV)

=2G1+_V8*2 DCIV
1-v

(1 + V)2 g*Z © .

+2GW [ (79(1,0,0)=77(1,0;0)) v .(15)

(DCIV)

Calculating j( (7 (1,0;0)=J7 (1,0;0))d¥ in

l)(IIV)
Eq. (15) (see Appendix C), we get the expression for
strain energy of DCI:

I+v

E=2G——¢"?"y
-V

2 %
+iG(l+${4z2 <c2 -z )E[—

3 (1-v)

+4z, (02 —z]2 )E(—éj

Z)

2
CJ
)
Z,

24 (z,+2,) —4—022
(z Zz)( 4c? +( ))E{ (zl+zz)J

24(z,+2,) oA
(Zl Zz)(4c ( ))K[ (Z1+Zz)2]

2

+4z, (cz +22 )K(—j—z]+4zl (Cz + ZIZ)K[—E—ZJ:|, (16)

2 1

where "'V = nc’h is volume of the cylinder, K (m) is
the complete elliptic integral of the first kind, and E(m)

is the complete elliptic integral of the second kind. The

I+v . . . .
factor 2Gl—s *PAy s the elastic strain energy for
-V

the case of an infinite space [13]. The second term is the
correction factor due to the free surface [2].

5. DISCUSSION

In this study, we investigated the elasticity boundary-
value problem for a dilatational cylindrical inclusion
placed in a vicinity of the free surface of an elastically
isotropic half-space. To solve this problem, we used an
axially symmetric DCI model with the eigenstrain de-
fined by Eq. (3) and the elastic field of each ITDD is
determined by the Eqs. (5). The correctness of the
found elastic fields of cylinder in the elastic half-space
given by Egs. (8—13) is checked by comparing to the
case of infinite space, where the hydrostatic stress on
the outside of the cylinder is zero [13]. There is hydro-
static stress in the elastic half-space Eqs (14), similar
to the elastic field of ITDD in the half-space [10]. From
Egs. (8-13) it follows that the elastic field in the me-
dium depends on the position of the cylinder relative
to the free surface and the size of the cylinder. The
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Fig. 4. Maps of hydrostatic stress in the zy-plane for the cylindrical inclusion located in elastically isotropic half-
space. Stress is given in units of G(1+v)e" / (1—v) and the coordinates are normalized to the disk radius c. Parameters
of calculations: the height of the cylinder is 4 = 3¢, cylinder coordinate (a) z, = —d =—-3c and (b) z, = —d = —2c;

Poisson ratio v = 0.234.

results also show that, when approaching the free sur-
face, the influence of the free surface on the elastic
field of DCI increases. The hydrostatic stress at points
near the free surface increases as inclusion approaches
the free surface; see Fig. 4. From Eq. (6) it is clear that
the strain energy of DCI depends on the position and
size of DCI.

6. SUMMARY AND CONCLUSIONS

We have found analytical solutions to the problem of
determining the elastic field of a DCI in an elastically
isotropic half-space and its strain energy. The results
are presented in form of Lipschitz-Hankel integral

which is concise and easy to calculate through the ex-
pressions containing the Elliptic function. The ob-
tained results demonstrate that when an inclusion is
placed in an elastic half-space, hydrostatic stress oc-
curs and depends on the relative position between the
cylinder and the free surface. This affects the mechan-
ical and physical properties of the material, which has
been proven by many studies [8].
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APPENDIX A. Integrals of Lipschitz-Hankel integrals J® (m, n; p) from z, to z, in the

general case in terms of m, n, and p

z 0 z —@K
J'Ja) (m,m; p)dz, = J'Jm (x)J, (KKJKPdKJ.e ¢ dz
z 0

c

4

—e c

0 Cc

JZ*ZI‘K

el

‘Z—Zl ‘
-k

= chm (x)J, (Kz)KpldK 2-e

e ¢ —e

|22
—K

<, (z>zz),

_‘Z—ZZ‘K

-e ¢ (zl<z<zz),

7‘2*22"(

<, (z<zl)

=JD (m,n; p=1)+J (m,n; p-1), (z>z,),
=c 2ij (K)Jn (KZJK”ldK—J(‘”(m,n;p—l)—J(S)(m,n;p—l), (zl <z<zz), (A1)
o c

JD (m,n;p=1)=J (m,n; p-1),

(z<z7),
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—_— mEIN
—-e < +e © ,0>z>z),

0 r J + I‘K J * “K

— p-1 c c

—CJJm(K)Jn K— [k 'dc{—e +e , 7, <z<2z,<0,
0 ¢ eeal s

—-e ° +e °© ,z<z<0,

—J (m,m; p=1)+J 7 (myn; p—1), 0>z >z,
—c —J(“’(m,n;p—1)+J”)(m,n;p—1)a z,<z<z,<0, (A2)
=J O (mn;p-1)+J7 (m,n; p-1), z<z <0,

z © 3 [dH]
r -k
J.J(”(m,n;p)dzo:IJm(K)Jn[K—jK"dKIe ¢ dz,
z) 0 ¢ 3
eral o Eral
-e ¢ +e ¢ ,0>z>z,
© _‘z+zl‘ _‘z+zz‘
r -1 7} K —K
=cIJm(K)Jn(K—]Kp dxi—e ¢ +e ¢ ,z<z<z,<0,
c
0 _‘z+z,‘K —‘Z+22‘1<
—-e ¢ +e ¢ ,z<z<0
—J(s)(m,n;p—l)—i—.]”)(m,n;p—l), 0>z>z,,
=c —J(G)(m,n;p—l)—i—Jm(m,n;p—l), z,<z<z,<0, (A3)
—J(G)(m,n;p—1)+J(7)(m,n;p—l), z<z <0,
JZ*Zl“‘ JZ*ZZ‘K
—e ¢ +e ° ,z>z,
z © p |zalx A
ISgn(Z—ZO)Jm(m,n;p)dZOZCJ.Jm(K)Jn[K—JKpldK —e ¢ +e °© ,z<z<z,<0,
2 0 ¢ Jz—zl\x Jz—zz\K
—e ¢ +e °© ,z<z
4 5
~J Y (mm;p=1)+J (m,n; p-1), z>z,,
=c —J(‘”(m,n;p—l)+J(5)(m,n;p—1), z,<z<2z,<0, (A4)
4 . 5 .
—J()(m,n,p—l)—i-J‘)(m,n,p—l), z<z,
_‘z+z,‘K _‘z+z2‘K
e ¢ —e ¢ ,z>z,
z, ) p _‘z+z,‘K _‘z+zz‘K
jsgn(z+zO)J(2)(m,n;p)dzO:cIJm(K)Jn K= k" 'dcje ¢ —e ¢, z,<z<z, <0,
2 0 _‘Z+ZI‘K _‘Z‘FZZ‘K
e ° —e ° , z<z,

J((’)(m,n;p—l)—f”(m,n;p—l), z>z,,
=c4J(mum;p-1)-J7 (m,n;p-1), z, <z <z, <0, (AS)
J(é)(m,n;p—l)—Jm(m,n;p—l), z<z,.

Here &, = |Z_ch|a & = |Z_CZZ|’ & = |Z'221|’ & = |Z-222|, and z, =—(d+§], z, z—(d—%j.
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APPENDIX B. Detailed expression of strains inside and outside DCI
B.1. Inside the cylinder (z, <z <z, and r <¢)
DCI, in _hs (1+V)8* 4) 4) 1 (5) . (5) .
= ST (L5-1) =D (1,0,0) + =T (L,L,=1) =9 (1,0;0
o = e 1 )= (L00) L (11 - (1,00
—E(4v=3)J9 (1,5;-1)+(4v=3)J(1,0;0)
P
+<(4v=3) T (1,1;-1)— (4v—-3)J7 (1,0;0)+ 2ZJ“)(l 1;0)
r
2z 2(1—\/)
J® (1,051 JP(L10)+=J7(1,0;1 Bl
2002 0 22 S @)
petin ns _ (1T V)€ € @ (1. € (1 1. ¢ ©) (1 1.
= 1-=J9 (L-1)-=J® (LL-1)+=(4v-3)J® (1,1;-1
= S S e £ ) 3
c 2z 2z 2(1-v)
——(4v=3)J7(L1;-1 JO(L10)+=J7(1,1;0 , B2
(a2 (0220 10 22 k)2 @
g _ (4V)E [J(‘” (1,0:0)+ 7% (1,0:0)+ 2279 (1,0:1) + 2.7 (1,0:0) ~ 27 (1,0;0)
= 2(1-v) ¢ c
2(1-
ZZJ(7)(101)+(4V 3)J(1,0;0) - (4v—3)J(7’(1,0;0)—u, (B3)
(1+v)
Delinghs = w[ﬂ‘” (L10)-J® (1,,0)-J (1L,1;0)+J7 (11;0) —z(.l“) (LL1)-J7(1, 1;1))} (B4)
2(1-v) c
B.2. Outside the cylinder (z<z,orz>z,, or z;, <z<z,and r > )
For z< z;:
DCI, out ,hs (1+V)8* Clr@ (7. 4 (1 1- ©) . ®) .
= = (JY (LL-1) =T (L1 -1)) + I (1,0;0) - T (1,0;0
o = G 0 0 () (1,0) - 000
~(4v-3)= (J<">(11 ~1)=J 7 (1L1;-1)) +(4v=3)(J© (1,0;0) -7 (1,0;0))
+3(J“’> (1.1:0)-J7 (1,1;0)) —E(J“) (L,0;1)-J (1,0;1))}, (BS)
r c
,out _hs (1+V) ) . ¢ . .
ot s‘;w=m (I 1)—J(S)(l,l,—l))+;(4v—3)(J(6)(1,1,—1)—]”’(1,1,—1))
L2z J©® TD(1.1:
L10 L10)) ], B6
~E (70 (110) -7 (110)) (B6)
petou ns _ (1 V)E (4) ) 2z 1 ™ .
= —J9(1,0;0)+J% (1,0;0)+==(J® (1,0;1) = J 7V (1,0;1
o =S (10:0) . (1,0:0)+ 22 (1.00) - (1,0)
+2(J9 (1,0;0) =7 (1,0;0))+ (4v=3)(© (1,0;0) =7 (1,0;0)) | (B7)
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For z > z,:
DCI, out _hs (1+V)8 Clr@ ) (4) . 5) .
=21 =(J J ~J¥(1,0;0)+J% (1,0;0
o =S 0 ) (1) (1.00) 4 (1,00
—(4v=3) (T (LL-1) =T (LL-1)) +(4v=3) (9 (1,0;0) - I 7 (1,0;0))
r
22 2z
JO(L150)-J7(1,1;0)) - =(J (1,0;1)-J 7 (1,0;1)) |, B8
O (0) - (10) - (0 L0) - (101) &
, out N (1+V)8*
Pt gg¢=2(1_v) J<4>(11 ~1)+= J<5>(11—1)+ ~(4v- 3)(J (LL-1)-J 7 (1,1;-1))
2(JW(1,1;0)—J<7>(1,1;0)) : (B9)
r
pcrongr _ AXV)E [J“)(l,o;o) J9 (1,0;0)+ (J<">(101) J7 (1,0:1))
2(1-v)
+2( (1,0;0) -7 (1,0;0)) +(4v=3)(79(1,0;0)-J (1,0;0)) ] (B10)
Forz, <z<z,and r >c:
petou s _ (1FV)E [ € @ ® @ )
el = - J J J9(1,0;0)-J(1,0,0
o = G S 0 () () .00) - 00)
—(4v-3)= (J“’( ~1)=J 7 (L1-1))+(4v=3)(J© (1,0;0)- T (1,0:0))
2z
JO(1,10)-J7 (1,10 JO(1,0;1) -7 (1,0:1)) |, B11
r(<)<>>c<<><))} ®11)
, out N (1+V)8* C2 . .
pct 8$¢=2(1_v) = r(J(‘”(ll ~1)+J9 (LL-1))+ r(4v—3)(J(6)(1,1,—1)—J(7)(1,1,—1))
—E(J“’ (1,1,0)-J7 (1,1;0))}, (B12)
p
DC[,omgl;zs _ (21('*1' V)g) [J(4) (1 0: 0)+J(5)(1 0: O) (J(G)(l 0: 1) J(7)(1,0;1))
-V
#2(J9(1,0;0) =77 (1,0;0))+ (4v=3)(/© (1,0;0) = /7 (1,0;0)) ]. (B13)
For(z<z, orz>z,,0orz <z<z, andr>c):
pct };j=%[ﬂ4’(1,1;0)—J(5)(1,1;0)—J‘6)(1,1;0)+J”)(1,1;0) 2Z(J“)(111) JP(LL1)) |, (B14)
% c

APPENDIX C. Procedures for integrating J©(1,0;0) and J7(1,0;0) in the volume i} of
the cylinder

(DCIV)

© - —‘HZ"K
[ 791,0,0)av = [, (x)dx | JO(K—je <av,
0 (D(IV) C

where dV =rdrdpdz is volume element in the cylindrical coordinate system with ¢:0 — 27, :0 — ¢, and

Z:Zl—)Zz.
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0 L 2nc _MK 0 I c _MK
[ 79 Lo:0)ar =], (K)dK”jJO(Kﬁ)e ‘ rdrdedz:le(K)dKHJO(Kﬁje < “2mrdrdz
(PClyy 0 z 00 c 0 z 0 ¢
" 5l e © el _aral
:21IIJ1 (K)dKIe ¢ a’zJ.J0 (Kljrdr—2nc3jJ12 (x) szl{—e ¢ te ¢ J
0 z 0 ¢ 0
8 )1 4c?
= czn(—zl +zz)+§z] (02 —ZIZ)E[—(Z:?j-FE(ZI +zz)(—4c2 +(z] +z, )Z)E[—(ZI_’_;ZZYJ
8 )1 4c?
+§Zl (C2 +212)K[_2J_§(Zl +22)(402 +(Zl +z )Z)K[_(zﬁ——zzy} (ChH
0 —‘ZJrZZ‘K
[ J7(1.0:0)@7 = [J,(x)ax | JO[Kﬁje V%
(DC]V) 0 (DCIV) Cc
@ Z ¢ _‘z+zz“c o _Z‘ZZ‘K _‘ZI‘FZZ‘K
= 2nIJ] (K)dKIIJO[KgJe ¢ rdrdZZZTCC}J.J]Z (K)K_sz[e < —e ¢ ]
0 20 0
_ o2 8 2, 2 ¢’ 1 2 2 4¢?
=c n(—z1 +zz)+§z2 (—c + 2z, )E(—Zj—g(zl +zz)(—4c +(z1 +zz) )E[—mJ
8 PP c’ 1 ) 2 4c*
—— K|—-——|+= 4 K| ——|. C2
3z2<c +22) [ Z§j+3(21+22)( +(z+2,) ) [ (Zl+22)2] (C2)
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